A normal metal exhibits a valence plasmon, which is a sound wave in its conduction electron density. The strange metal is a mysterious metallic phase that exhibits non-Boltzmann transport and violates most fundamental Fermi liquid scaling laws. A fundamental question is, Do strange metals have plasmons? Using momentum-resolved inelastic electron scattering (M-EELS) we recently showed [M. Mitrano, PNAS 115, 5392 (2018)] that the primary collective response feature of the strange metal Bi2.1Sr1.9Ca1.0Cu2.0O8+x (Bi-2212) is not a plasmon, but a featureless continuum exhibiting a power-law form over all measured energy and momentum scales. Here, we present a study of how this continuum evolves across the doping phase diagram. At T = 300 K the continuum is unaffected by doping, retaining its featureless character at all compositions. At low temperature the continuum becomes doping-dependent and departs from its featureless form, showing a dramatic suppression of spectral weight below 0.5 eV in an overdoped material and enhancement in underdoped materials. The latter suggests a tendency for underdoped materials to form charge order. The overall result is that the spectra are featureless throughout a fan-shaped region in the phase diagram that precisely coincides with the region usually identified as the strange metal. This fan is reminiscent of a quantum critical point (QCP), though the spectra are momentum-independent at all dopings which is inconsistent with the standard Hertz-Millis picture of a quantum phase transition. The region of linear-T resistivity coincides with a fine-tuned boundary between over-and underdoped regions at which the response is temperature-independent. Our study identifies a close connection between the existence of a featureless, momentum-independent continuum in the density response and the perplexing transport properties of the strange metal.
INTRODUCTION
The enigmatic and poorly understood strange metal has now been found to lie within the phase diagrams of numerous strongly-correlated systems, including transition metal oxides, heavy fermions materials, organic molecular solids, and iron-pnictide superconductors [1] [2] [3] [4] [5] [6] . This phase is characterized by violation of fundamental Fermi liquid scaling laws, and by its close proximity to other exotic phases such as unconventional superconductivity, charge or spin density waves, or nematicity [1] [2] [3] 7] . For example, the prototypical copper-oxide strange metals, which are also high temperature superconductors, exhibit a resistivity that is linear in temperature and exceeds the Mott-Ioffe-Regel limit [5, 8] , an optical conductivity exhibiting an anomalous power law dependence on frequency [9, 10] , a magnetoresistance that is linear in field, violating Kohler's rule [11] , a quasiparticle decay rate that scales linearly with energy [12] , and an NMR spin relaxation rate that violates the Korringa law [13] . No generally accepted theory of matter can explain these properties, which appear to be incompatible with fundamental assumptions of Boltzmann transport theory. Understanding the strange metal has thus become one of the great unsolved problems in condensed matter physics.
The single-particle dynamics of the strange metal phase have been studied extensively with angle-resolved photoemission (ARPES) and scanning tunneling microscopy (STM) techniques, which directly measure the one-electron spectral function [14] [15] [16] [17] [18] [19] . However, little is known about the two-particle charge response, which directly reveals the strongly correlated nature of this phase [20] .
In ordinary metals, the charge response is defined by propagating collective modes known as plasmons [21] . On the other hand, we recently showed that the plasmon in the strange metal, optimally doped Bi 2.1 Sr 1.9 Ca 1.0 Cu 2.0 O 8+x (Bi-2212), is overdamped and rapidly decays into a momentum-, energy-, and temperature-independent continuum extending up to an energy of ∼ 1 eV [22] . Initial measurements away from the strange metal region on heavily overdoped samples showed a surprising depletion of spectral weight below 0.5 eV at low temperature [22] . This energy scale is more than 20× larger than the temperature scale on which these changes take place, suggesting strong interactions are at play [23] . Determining how these density fluctuations evolve across the full temperature and doping phase diagram of the strange metal is therefore crucial to understanding this enigmatic phase of matter.
Here we present a study of the density fluctuations across the doping-temperature phase diagram of the strange metal Bi-2212 using momentum-resolved elecarXiv:1903.04038v1 [cond-mat.str-el] 10 Mar 2019 tron energy-loss spectroscopy (M-EELS) [24] . This technique measures the surface dynamic charge response of a material, χ(q, ω), which is related to the dielectric loss function, −Im[1/ (q, ω)], directly revealing the charged bosonic collective modes of the system [24] . In this study we concentrate on the energy regime 0.1 eV < ω < 2 eV, which is relevant to the high-temperature normal state out of which superconductivity and other instabilities in this system form.
EXPERIMENT
Single crystals of Bi-2212 were grown using floating zone methods described previously [25] . The current study was done on underdoped crystals with T c =50 K (UD50K) and 70 K (UD70K), optimally doped crystals with T c =91 K (OP91K), and overdoped crystals with
Measurements of the charge fluctuation spectra were performed using meV-resolution, momentum-resolved electron energy-loss spectroscopy (M-EELS) [24] . M-EELS is a variant of surface HR-EELS [26] in which the momentum transfer of the scattered electron is measured with high resolution and accuracy [24] . Measurements were performed on cleaved single crystals of Bi-2212 at 50 eV incoming electron beam energy and 4 meV energy resolution at a fixed out-of-plane momentum transfer, q z = 4.10Å −1 or L = 20. We use Miller indices, (H, K), to designate an in-plane momentum transfer q = (2πH/a, 2πK/a), where a = 3.81Å is the tetragonal Cu-Cu lattice parameter [14] . Unless otherwise specified, all momenta are along the (1,-1) crystallographic direction, i.e., perpendicular to the structural supermodulation in this material [14] . The sample orientation matrix was determined in-situ using the (0,0) specular and (1,0) Bragg reflections, and verified by observing the (1,-1) reflection. M-EELS spectra were taken from 0 to 2 eV energy loss and binned into 30 meV intervals for improved statistics. M-EELS measures the dynamic structure factor of a surface, S(q, ω), which is proportional to the surface dynamic charge susceptibility, χ (q, ω), by the fluctuationdissipation theorem [24] . χ was determined from the raw data by dividing the M-EELS matrix elements, which depend on the momentum transfer [24] , and antisymmetrizing to remove the Bose factor [22, 24] . The data were placed on an absolute scale by performing the partial f -sum rule integral,
where N eff was determined by integrating the q = 0 ellipsometry data from Ref. [27] over the same energy interval at the corresponding values of temperature and doping. −χ"(q,ω) (10
at room temperature (300 K) (a-d) and low temperature (either 100 K or 115 K) (e-h) for all four dopings studied. No significant q-dependence is seen for any doping or temperature. At 300 K the spectra vary only slightly with doping, compared to the dramatic doping dependence below ∼0.5 eV at low temperature. Figure 1 shows the M-EELS spectra for a selection of momenta at room temperature (300 K) and at low temperature (100 K or 115 K, depending upon the doping). The intensity rise below 0.1 eV in all spectra is due to the well-known Bi-2212 optical phonons [24, 28, 29] . Looking at the 300 K data, the lowest momentum ( Fig.  1(a) ) shows a highly damped plasmon reported previously [22] . This peak has the same energy and width as the plasmon observed in transmission EELS measurements at the same in-plane momentum [22, 24, 30] . At larger momenta ( Fig. 1 (b) -(d)) the plasmon is absent and the spectra show an energy-independent continuum reported previously [22] . This continuum is not a subtle effect; it saturates the f -sum rule and is the primary feature of the charge response of Bi-2212. As reported in Ref. [22] , very little q-dependence is present at momenta greater than 0.16 r.l.u.. Additionally, Fig. 1 (a) - (d) shows that, at T = 300 K, the continuum also has little doping dependence across the composition range. Energy Loss (eV)
M-EELS DATA
Collapse of Π (q, ω) for all doping and momenta studied at 100K by dividing by q 2 . Apart from the f-sum rule mandated q 2 momentum scaling for charge conservation, the spectra are essentially momentum-independent. Note that OD50K data in panel (d) was taken at 115K.
Crucially, at lower temperature ( Fig. 1 (e)-(h)), the spectra now exhibit a dramatic doping dependence, which is the main finding of this work. In overdoped samples, the spectra have reduced spectral weight below 0.5 eV at low temperature compared to 300 K [22] . In underdoped materials, in contrast, the weight in this energy range is enhanced. The 0.5 eV energy scale of this spectral weight rearrangement at all compositions is more than an order of magnitude larger than the temperature scale on which it forms, indicating strong interactions are at play. The enhancement in susceptibility at low temperature suggests that underdoped Bi-2212 could have a tendency toward charge instabilities, affirming recent claims of charge density waves in this composition range [31, 32] (note that we have not seen evidence for a CDW in Bi-2212 with M-EELS, though further study may yet uncover such effects). All spectra are dopingand temperature-independent above 1 eV where the system exhibits a universal ∼ 1/ω 2 response. The continuum is essentially momentum-independent at all dopings, particularly for q > 0.16 r.l.u., where there is no discernible difference at all between spectra at different momenta. As described in Ref. [22] , this is best illustrated by examining the polarizability, Π(q, ω), which is related to the susceptibility by
where V (q) is the Coulomb interaction and the background dielectric constant ∞ = 4.5 [27] . Recall that Π(q, ω) represents the irreducible polarization bubble, excluding the long-ranged part of the Coulomb interaction, and is related to the dielectric constant by (q, ω) = ∞ − V (q)Π(q, ω) [21, 33] . We argued in Ref. [22] that, because M-EELS measures a surface response function, Π(q, ω) can be obtained by assuming an approximate two-dimensional form for the Coulomb interaction,
where d is of order the interlayer spacing in Bi-2212. We extended this procedure to the full doping range by extrapolating χ (q, ω) with a 1/ω 2 tail and KramersKronig transforming to acquire the real part, χ (q, ω). We then evaluated Π(q, ω) for each doping from Eq. 2 using d = 15.62Å, the bilayer spacing in Bi-2212, and a proportionality constant in Eq. 3 for V (q) of 7.9 · 10 3 eV ·Å 2 (see Appendix A). The result is displayed in Fig. 2 , which shows the collapse for either T = 100 K or 115 K, depending upon the doping level. Fig. 2 shows that Π (q, ω) collapses for all dopings when scaled by q 2 , incidating that Π is momentum-independent at all dopings apart from an overall q 2 dependence required by the f -sum rule (Eq. 2). The modest q-dependence of χ (q, ω) for q < 0.16 r.l.u. is primarily an effect of V (q), which is large in this range, rather than Π(q, ω) itself.
The collapse of the data (Fig. 2) indicates that the particle-hole excitations of Bi-2212 are local at all doping levels. This implies that the standard Lindhard description of the polarizability, Π (q, ω), in terms of quasiparticle excitations across a Fermi surface [21, 33] fails utterly, even in overdoped materials that are usually identified as Fermi liquids [8] . The charge response of different compositions of Bi-2212 differ only in their dependence on ω and T .
Further, Fig. 2 indicates that the polarizability factors everywhere in the phase diagram, i.e., Π (q, ω) ∼ f (q)·g(ω). This property has been cited as the signature of "local quantum criticality," an exotic phase in which the spatial correlation length ξ x ∼ ln ξ t , where ξ t is the temporal correlation length [22, [34] [35] [36] . One can think of such a phase as being characterized by a dynamical critical exponent z = ∞. That the response factors at all dopings (Fig. 2) indicates that local criticality is not a feature of an isolated quantum critical point (QCP) [8] , but is a stable phenomenon pervading the entire composition phase diagram of Bi-2212.
The fine temperature dependence of the charge response is illustrated in Fig. 3 , which shows T steps for each composition at a fixed momentum |q|=0.24 r.l.u, at which χ (q, ω) ≈ Π (q, ω). As shown in Ref. [22] , the response at optimal doping is T -independent, but the overdoped material shows a reduction in spectral weight below 0.5 eV as the system is cooled, indicating the emergence of an energy scale at low temperature. Energy Loss (eV) Note that the energy axis is plotted on a log-scale to emphasize the spectral weight change below 0.5 eV. (b) Doping and temperature dependence of ξ, as defined in the main text to be integral between 0.1 eV to 0.5 eV referenced to optimal doping at 150 K. The crossover from spectral weight accumulation to depletion with doping is evident, as is the crossover in sign at optimal doping.
As evidenced by Fig. 1 , this trend reverses in the underdoped case: Here, the spectral weight below 0.5 eV is enhanced as the system is cooled (Fig. 3(a)-(b) ). The case of optimal doping corresponds to a turning point between the underdoped and overdoped regimes whose temperature changes exhibit opposite trends. (Fig. 3(c) ). The normal state at this turning point corresponds to the strange metal, where the resistivity is linear in temperature [8, 37] .
It is important to establish whether there is a connection between a featureless, energy-independent continuum and the strange metal, which occurs throughout a fan-shaped region in the phase diagram centered at optimal doping [8, 37] . For this purpose we define a parameter, ξ, that quantifies the deviation of the response from its featureless form at optimal doping, and thus the relative change in partial Coulomb energy. Taking the response at optimal doping and T = 150 K as a reference, χ ref (0.24, ω), we define ξ to be the integrated quantity, (4) which quantifies both the degree to which the spectra deviate from a featureless form, as well as the change in Coulomb energy between 0.1 and 0.5 eV [27] , as a function of temperature and doping. The value of this integral for the reference response function alone is 1.294 · 10 −4Å −3 . The behavior of ξ is shown in Fig.  3(e) . Its value is small at 300 K for all four samples. As the system is cooled, ξ becomes negative on the overdoped side, while for underdoped samples it becomes positive, reflecting the opposite trends at the two ends of the phase diagram. At optimal doping, ξ remains small at all temperatures, serving as a boundary between overdoped and underdoped behaviors. Critical here is that the sign reversal is in line with the doping dependence of the Coulomb energy studied from spectroscopic ellipsometry at q = 0 [27] ; however, the changes in spectral weight we observe here are significantly larger (see Appendix B). The behavior of ξ is illustrated on the Bi-2212 phase diagram in Fig. 4 , which shows its absolute value, |ξ|, as a function of doping and temperature. The domain over which ξ has a small magnitude forms a fan shaped region centered at optimal doping. This region coincides closely with what is normally identified as the strange metal [8, 37] . Fig. 4 suggests a deep connection between a featureless form for the density response and the existence of strange metal behavior.
DISCUSSION
The interaction of quasiparticles with a featureless continuum has been theorized to be the origin of the T -linear resistivity and violation of the MIR limit in strange metals [5, 8, 35, 38, 39] . Our M-EELS studies establish that this continuum exists and exhibits the anomalous momentum-independence originally hypothesized.
The continuum provides a natural, qualitative explanation for the normal state quasiparticle lifetimes in Bi-2212. The continuum should provide a decay channel for quasiparticles throughout the phase diagram. As the composition is tuned from the underdoped to the overdoped regime, the quasi-particle peaks observed by ARPES in Bi-2212 become increasingly long-lived, achieving the longest lifetime at low temperature on the overdoped side [14, 17, 37, 40] . This trend is consistent with the monotonic depletion of charge density fluctuations below 0.5 eV at low temperature (Fig. 3) , which implies a reduction in the density of quasiparticle decay channels as the doping level is increased. At optimal doping, where the continuum is temperatureindependent and constant in frequency, the quasiparticle lifetime Σ (ω) ∼ ω at all temperatures [16] .
It is critical to keep in mind, however, that while the continuum provides a clear decay channel for quasiparticles, the mechanism by which the quasiparticles in turn generate the continuum is not clear. Because the quasiparticles are highly dispersive in Bi-2212 [17, 37] , a standard Lindhard calculation of the density response using RPA would yield a continuum that is also highly momentum-dependent, in contrast to what is observed here. Theoretical approaches using nonperturbative techniques that go beyond RPA, such those based on the AdS-CFT correspondence, may provide progress in this area [36] .
One might argue that the momentum-independence of the density fluctuations is a sign of strong disorder, which could eliminate momentum conservation altogether by explicitly breaking translational symmetry, resulting in qintegrated response functions in all measurements. Such a view is inconsistent with ARPES and STM studies, which report clearly dispersing quasiparticle excitations even in the presence of the structural supermodulation [14] [15] [16] [17] [18] [19] . Moreover, dispersing collective modes have been observed with M-EELS in other materials with similar degree of disorder [41] . On the other hand, it remains possible that the strong coupling physics of Bi-2212 conspires with disorder in such as way as to make momentum irrelevant.
It is tempting assign the origin of the continuum to quantum critical fluctuations. In this view, the fan-like structure in Fig. 4 would indicate some kind of singular behavior near a doping p c ∼ 0.16 that could be understood as a quantum critical point (QCP), as suggested by many authors [8, 14, 39, 40, [42] [43] [44] [45] . Such an interpretation is challenging, since few other signatures of quantum criticality are present in the density fluctuation spectra. For example, no soft collective mode, with energy falling to zero at p c , is visible in the data. A spectral weight rearrangement is observed away from p c in both underdoped and overdoped samples, however its energy scale ∼ 0.5 eV is more than an order of magnitude larger than the crossover temperature, ∼ 200 K, over which this rearrangement takes place (Fig. 3(a)-(d) ). Moreover, the response functions near p c do not exhibit any momentum dependence, which is expected in the usual Hertz-Millis picture of a quantum phase transition [46] . The factoring of Π (q, ω) we observe (Fig. 2) has been cited as evidence for local criticality, which has been argued to be a feature of an exotic QCP [34, 35] . But this factoring is observed everywhere in the phase diagram, not just in the vicinity of p c .
Our data then suggest the strange metal may not be a simple consequence of quantum criticality. Rather, it seems to be a stable phase with local excitations that has been fine-tuned, between opposite behaviors in underdoped and overdoped phases, to exhibit correlation functions that are frequency-and temperature-independent. A new kind of theory of interacting matter may be needed to explain the existence of this phase and its connection to other exotic phenomena such as high temperature superconductivity.
knowledge of V (q). The precise functional form of V (q) can depend on the material geometry especially in quasi-2D systems [47] , and at the surface of a layered material understanding this relation is still work in progress. Nonetheless, as argued in reference [22] , the approximate form shown in Eq. 3 is phenomenological starting point as it exhibits the same functional behavior as that of an infinite (i.e. not surface terminated) layered system [47] .
To determine the proportionality constant in Eq. 3, we follow a similar procedure to Ref. [22] . Noticing that in the limit large momentum transfer, χ(q, ω) ≈ Π(q, ω)/ ∞ , we treat V as a fit parameter, V fit , and determine the values of V fit where Π most closely resemble Π at the highest momentum measured of q = 0.5 r.l.u. by minimizing the function,
After obtaining V fit (q), we fit to it with the functional form of Eq. 3 with d = 15.62Å to determine the proportionality constant. The fits are shown in Figure 5 , along with curves with alternate values of d shown for reference. The fitted proportionality constant was found to be (7 is within a factor 3, the fit value is quite reasonable given the systematic uncertainties. 
APPENDIX B: CONSISTENCY BETWEEN M-EELS AND PREVIOUS OPTICAL STUDIES
Our M-EELS data are consistent, in many respects, with previous studies of the optical properties of cuprates. Like M-EELS [24] , spectroscopic ellipsometry [27, 48] and transmission EELS experiments with modest energy resolution (i.e., elastic linewidths of ≥ 0.3 eV) [30, 49, 50] also observe an overdamped plasmon excitation at ∼ 1 eV energy. At a small in-plane momentum, q = 0.05 r.l.u., M-EELS and transmission EELS give nearly identical plasmon energy and lineshape [24] . Further, the plasmon energy measured with ellipsometry is independent of doping [27, [51] [52] [53] , starkly contrasting with the behavior of a normal conductor [21, 33, 54] .
Still, it is clear something qualitative must change in the charge response as q → 0. For one, the plasmon lineshape observed with ellipsometry, which is strictly a q = 0 probe, is 50% narrower than the M-EELS and Transmission EELS data at the lowest momentum studied [24] . Further, the spectral weight in ellipsometry grows with decreasing temperature at all dopings, and are no larger than ∼ 3% [27] , while the changes observed here are ∼ 50% and may have either sign (Fig. 3(e) ).
More fundamentally, the factoring of the polarizability, Π (q, ω) = f (q) · g(ω), cannot persist to zero momentum because it violates the compressibility sum rule [21, 33] , lim q→0 Π(q, 0) = −n 2 κ,
where κ = −(∂V /∂P ) N /V is the compressibility. By definition, κ = 0 for an insulator while for a metal κ is a constant. If the factoring of Π persisted all the way to q = 0 the f -sum rule (Eq. 2) would require Π(q, 0) ∼ q 2 in the limit of small momentum, implying that the system is an insulator. However Bi-2212 is a metal, of course, meaning this factoring cannot persist as q → 0. Full reconciliation between q = 0 probes like ellipsometry and finite-q techniques may require new theoretical ideas about non commutativity of limits [55] . Encouragingly, however, our ξ, which represents integrated spectral weight change, exhibits the same trend with doping as the Coulomb energy reported in Ref. [27] , changing sign at optimal doping in both studies. Forthcoming studies with higher momentum resolution will determine the nature of the crossover region between the two techniques.
We note that, at larger momenta, transmission EELS studies of Bi-2212 by different groups report conflicting results. Using 60 keV electrons in an EELS spectrometer employing Wien filters and a 30 meV quasi-elastic line, Terauchi et al. reported a featureless continuum with a 1 eV cutoff energy similar to what we report here [56] . On the other hand, using 170 keV electrons with hemispherical analyzers and quasi-elastic line extending to 500 meV, Nücker et al. observed no continuum at all, but instead report conventional plasmon behavior exhibiting normal, Fermi liquid-like dispersion [30, 50] . More recently, transmission EELS studies by Schuster et al. of underdoped cuprate Ca 2−x Na x CuO 2 Cl 2 also show evidence for a broad continuum, rather than conventional dispersing plasmons [57] . Resolution of these discrepancies would be an important step toward achieving full consistency between M-EELS and transmission EELS techniques.
